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Abstract
We investigate two-parameter solutions of σ-models on two dimen-
sional symmetric spaces contained in E11. Embedding such σ-model
solutions in space-time gives solutions of M∗ and M ′-theory where
the metric depends on general travelling wave functions, as opposed
to harmonic functions typical in general relativity, supergravity and
M-theory. Weyl reflection allows such solutions to be mapped to M-
theory solutions where the wave functions depend explicitly on extra
coordinates contained in the fundamental representation of E11.
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1 Introduction
Fifteen years ago, just after the turn of the century, the Kac-Moody alge-
bra E11 was conjectured to encode symmetries of M-theory in its eleven
dimensional form [1]. Around the same time it was shown that the dy-
namics of eleven-dimensional supergravity near a space-like singularity are
encoded in a one-parameter σ-model invariant under the action of a coset
group associated with a Kac-Moody algebra E10 [2, 3]. The Lagrangian of
the sigma-model is defined in terms of scalar fields on a coset space and solu-
tions to the equations of motion define a null geodesic on a symmetric space
which may be used to reconstruct space-time solutions. In the work of [2, 3]
the fields were parameterised by time, a truncation sensible in the vicinity
of a space-like singularity, but at the expense of equivalent roles for the
spatial and temporal coordinates. The Lorentz symmetry was re-introduced
into the σ-model construction in [4] and used to construct solutions depen-
dent on space-time from σ-models on symmetric spaces embedded within
the Kac-Moody algebra E11. This formulation of constructing space-time
solutions from sub-algebras of a Kac-Moody algebra came to be known as
the ‘brane σ-model’ and was used more recently to reconstruct bound state
solutions in M -theory and string theory [5, 6] following observations made
in [7]. In all these cases the solutions of supergravity, superstring theory
and M -theory that were constructed were encoded in the path traversed by
a massless particle on the coset space.
The symmetric spaces used in these brane σ-models are constructed
using the Kac-Moody algebras E10 and E11. These algebras have long been
argued to encode hidden symmetries of supergravity relevant to M -theory
[8, 1] and the coset construction provides a dictionary relating the path of a
massless particle on a coset to brane solutions in space-time. The σ-model
action on the coset for a massless particle is a simpler and, arguably, more
fundamental setting to investigate M -theory and the high-energy description
of space-time. Consequently it is of interest to consider simple extensions of
the massless particle motion on cosets of subgroups of E10 and E11. In this
paper, instead of the motion of a massless particle, we consider the motion
of a string on the cosets of subgroups of E11.
The simple symmetric spaces related to brane solutions are two-dimensional
manifolds and our aim is to investigate two-parameter solutions on these
manifolds and consider their embedding in space-time. The symmetric
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spaces we consider will be pseudo-Riemannian and a consequence of de-
veloping two-parameter solutions is that, upon embedding the parameters
in space-time, the transverse space to the “brane” world-volume will con-
tain both timelike and spacelike coordinates. The resulting two-parameter
metrics and gauge-fields will be solutions of M∗ and M ′ theories [9]. The
E11 conjecture leads to an enhancement of M -theory which contains both
M∗ and M ′-theories [10]: sub-algebras of E11 related to the three theories
are mapped into each other under E11 Weyl reflections. As solutions of
σ-models are preserved under Weyl reflections this leads to the question:
what are the two-parameter solutions of M∗ and M ′-theories mapped to in
M -theory? We will argue that the solutions are M -theory solutions which
depend on the extra E11 coordinates yµ1µ2 , zµ1µ2µ3µ4µ5 , wµ1µ2µ3µ4µ5µ6µ7|ν ,
wµ1µ2µ3µ4µ5µ6µ7µ8 and so on which are contained in the first fundamental, or
l1, representation of E11 [11]. These are the same extra coordinates central
to the internal symmetries of double field theory [12, 13] and exceptional
field theory [14] which were first introduced in [15, 16]. The extra coordi-
nates will require an extension of the brane σ-model which we will discuss
in our concluding remarks.
It should be mentioned that there is another aspect of hidden symme-
tries and duality, based on the study of Einstein’s theory of general relativity,
which has stimulated the study of cosets of subgroups of E10 and other Kac-
Moody algebras. In an early work Buchdahl [17] noticed a transformation
between two static solutions of Einstein’s equations which can now be inter-
preted as T-duality. Subsequently Ehlers [18] uncovered a symmetry which
generated solutions of Einstein’s equations. A significant breakthrough came
with the work of Geroch [19, 20] who extended Ehlers’ SL(2,R) symmetry
to the (infinite dimensional) affine SL(2,R) Kac-Moody algebra for axi-
symmetric stationary solutions. These ideas were developed and used in
general relativity for the generation of solutions. Such hidden symmetries
were later discovered to be present in supergravity. In particular for N = 8
supergravity there is a continuous global group E7(7) which is a symmetry
[21, 22]. (E7(7) is a non-compact version of E7; it is spontaneously bro-
ken in supergravity.) These observations led to the study of the groups, and
their generalisations, encoding the symmetries. The symmetry groups above
were found for special classes of solutions of Einstein’s equation. There has
been a quest for larger symmetries associated with the full theory. For
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Einstein’s equations generically there are singularities in four space-time di-
mensions. For a space-like singularity Belinskii, Khalitnikov and Lifshitz
pointed out that near such a singularity, the spatial metrics at each spa-
tial point are decoupled and they satisfy non-linear second order ordinary
differential equations in time. Misner [23, 24] initiated the study of such
space-like singularities using Hamiltonian theory and this led to a billiard
description [3] in hyperbolic space. Pure gravity billiards have an under-
lying hidden Kac-Moody algebra as a symmetry. Such symmetries can be
studied with the help of geodesic sigma-models. It is in the consideration of
σ-models that our approach overlaps with the billiards approach.
We will now give a more detailed description of the brane σ-model and
the E11 conjecture. The one-parameter brane σ-model was developed in [4]
as a way to associate a covariant Lagrangian density with sub-algebras of
the very-extended Kac-Moody algebra E11. The model gives a dictionary in
which brane solutions of supergravity are identified with the worldline of a
particle moving on a null geodesic on the coset manifold SL(2,R)SO(1,1) embedded
within E11K(E11) , where the algebra K(E11) is the part of the algebra E11 in-
variant under an involution determined by the signature of space-time and
the sign of the four-form in the supergravity action. The dictionary defines
the embedding of the null geodesic on the symmetric space into space-time;
for brane solutions the parameter on the worldline is identified with a sin-
gle transverse direction. In this manner the brane σ-model reconstructs a
one-dimensional action for a single brane solution from a sub-algebra of E11
and the one-dimensional action may be oxidised to the bosonic supergravity
action in eleven-dimensions where only diagonal components of the metric
gµν and the six related components of the three-form Aµνρ (defined by fixed
µ, ν and ρ) are non-trivial. The brane σ-model has been used to construct
bound state solutions, identified in [7], associated with null geodesics on the
symmetric spaces GK(G) where G is a finite Lie group, larger than SL(2,R)
such that G ⊂ E11 [5], these techniques were used to find further bound
states in string theory in [6] and in dual graviton theories in [25]. All of
the solutions found in this way are stationary solutions. By introducing
a second parameter to the brane σ-model on the symmetric space SL(2,R)SO(1,1) ,
time-dependent solutions will be constructed, albeit solutions to M∗ and
M ′-theories. The algebra E11 was conjectured to encode the symmetries
underlying M -theory in [1], it was made manifest there by applying the
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Borisov-Ogievetsky construction [26] used to generate the diffeomorphism
algebra of gravity (by finding the closure of the conformal group and the
Poincare´ group) to find the closure of the conformal group with the bosonic
part of the supergravity algebra in eleven dimensions. Its appearance in
dimensional reduction was anticipated [8] as the end of the E11−d sequence
of ‘hidden’ symmetries that act on the scalar fields of a Kaluza-Klein reduc-
tion of bosonic supergravity in eleven dimensions to d-dimensions. In other
words, E11 was expected to be related to the theory in zero dimensions,
but it was conjectured by West [1] that it was already present in an eleven
dimensional theory which was an extension of supergravity called M -theory.
It was subsequently shown that E11 has a very simple relationship to the
type IIA and type IIB string theories: the gauge fields of the bosonic parts
of these string theories which source the string, the Dp-branes as well as the
NSNS fields all emerge from the representation theory of E11 [27]; the brane
solutions of the string theories as well M -theory are all straightforwardly
encoded in a solution-generating group element [28] and basic properties
relating fundamental dimensionful quantities in each theory have also been
derived from the Kac-Moody algebra [1]. There is now a wealth of litera-
ture supporting the E11 conjecture; it has been used in a variety of settings.
There has also been a great deal of work investigating the over-extended
algebra E10 ⊂ E11 whose importance in dynamics in the vicinity of cosmo-
logical singularities [2] was the motivation for first investigating σ-models
in this context: brane solutions were constructed and E10 has been used to
construct the fermionic terms expected in supergravity. For a review of E10
and cosmological billiards see [29]. In this paper we will work with E11.
The E11 conjecture can be stated as the idea that the fields of M -theory
parameterise a symmetric space E11K(E11) and the coordinates of space-time
1
parameterise the first fundamental, or l1, representation of E11. The so-
lutions describing single and bound states of branes which have been con-
structed using the one-parameter σ-model have given fields which parame-
terise finite dimensional symmetric spaces embedded in E11K(E11) and depend
on only one parameter. That parameter has been identified with one of the
eleven space-time coordinates xµ via a supergravity dictionary. The proce-
dure, successful though it has been, has left questions about the role of the
1At low levels these coordinates are xµ, yµ1µ2 , zµ1µ2µ3µ4µ5 , wµ1µ2µ3µ4µ5µ6µ7|ν ,
wµ1µ2µ3µ4µ5µ6µ7µ8 . . . [11].
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topology of E11K(E11) , a geometric origin in space-time of the symmetric space
and the dependence on the extra coordinates. Let us describe these three
problems in more detail:
1. The Borel or upper-triangular gauge is used for group elements when
constructing the Lagrangians in the brane σ-models. It was observed
in [10] that the use of this gauge results in the loss of closed compact
cycles in the coset spaces, effectively reducing the topology of the coset
SL(2,R)
SO(1,1) from S
1×R1 to R2. Information related to closed loops within
the coset is lost by using the Borel gauge for the massless particle,
however by considering the motion of closed strings which surround
the closed cycles of the coset the full group structure may be able to
play a role in the space-time theory.
2. The possibility of constructing solutions dependent upon two parame-
ters, one spacelike and the other timelike on the coset raises interesting
questions for the embedding of such cosets in space-time. The super-
gravity dictionary used for the massless particle model associates the
single parameter of the solution on the coset with the radial coordi-
nate in a space-time with rotational symmetry group SO(D − p − 1)
transverse to a p-brane solution. The string solutions we will describe
here depend on two-coordinates σ and τ which may elucidate the ge-
ometrical meaning of the coset within space-time.
3. The identification of the parameter in the brane σ-model with a coor-
dinate xµ of space-time informs the embedding of the σ-model solution
in space-time. At the same time it precludes the appearance of solu-
tions which depend upon the extra coordinates of space-time necessary
for E11. The natural extension of considering particle worldlines and
string worldsheets on symmetric spaces within E11 is to consider p-
brane worldvolumes where the dimension of the symmetric space is
p. However this invites questions as to how this will be embedded
in space-time when p > 11 (e.g. for the symmetric space SL(5,R)SO(1,4)
which is a 14-dimensional manifold). It will be necessary in such cases
to invoke the extra coordinates of E11, however there is no super-
gravity dictionary to inform the construction of these solutions. The
two-parameter brane σ-model describes M -theory solutions dependent
upon extra coordinates, hence its construction will shed some light on
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solutions dependent on extra space-time coordinates. In appendix B
we will show that starting point for the study of gravity in the vicinity
of a space-like symmetry is replicated in a natural way if the 3-metric
obtained in a foliation of space-time depends on a space-like as well as
a time-like parameter.
The work in the present paper will construct two-parameter solutions,
and is an initial step towards addressing the last two points listed above. To
directly address the first point requires a closed string worldsheet wrapping
the cycle of SL(2,R)SO(1,1) , which is not possible using the Borel gauge adopted in
this paper. However such a construction would allow the topology of E11K(E11)
to play a role in the space-time fields.
In section 2 we will review the construction of 12 -BPS brane solutions of
supergravity as null geodesic motions of a particle on cosets of SL(2,R) em-
bedded in E11. Our aim in this section will be to familiarise the reader with
all aspects of the construction of the one-parameter brane σ-model before
presenting the two-parameter σ-model in section 3. We will present sim-
ple solutions to this model dependent on two-parameters, some of which are
only solutions in two-dimensions, but other more general solutions which are
described by wavefunctions. In section 4 we will embed the two-parameter
solutions into space-times with multiple time coordinates and show some ex-
amples of solutions to bosonic M∗-theory and M ′-theory described in terms
of wavefunctions. We will apply Weyl reflections to map these solutions into
M -theory and see that they depend on extra coordinates. We will conclude
in section 5.
2 Brane solutions and the brane σ-model
In this section we will review the one-parameter brane σ-models and show
how given an involution Ω defined on the algebra of E11 we may define
the “group” K(E11) whose algebra is fixed under Ω. We will then review
how any real root of E11 may be associated with a sigma-model on the
symmetric spaces SL(2,R)SO(1,1) or
SL(2,R)
SO(2) . In the former case the solutions of the
equations of motion encode electric brane solutions of M -theory, or one of
its counterparts M∗ or M ′-theory [9], while there are no real solutions to
the equations of motion in the latter case. Our principal example will be the
solution of the SL(2,R)SO(1,1) model associated with the exceptional root α11 of E11,
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which encodes the M2-brane of M -theory. We commence by defining the
involution Ω which leaves the algebra of K(E11) invariant before constructing
the σ-models on SL(2,R)SO(1,1) and
SL(2,R)
SO(2) . The involution Ω encodes the signature
of the background space-time. The equations of motion on each symmetric
space will be presented, and it will be observed that the σ-model on the first
space has real solutions which will be embedded into space-time while the
σ-model on the second space does not possess real solutions.
2.1 The signature of space-time.
The algebra E11 is infinite dimensional, and is associated with the extension
of eleven-dimensional supergravity by singling out an SL(11,R) sub-algebra.
This sub-algebra is formed of the nodes 1, 2 . . . 10 labelled on the Dynkin
diagram of E11 as depicted in figure 1 and sometimes called the gravity line.
The decomposition of the algebra E11 with respect to the gravity line gives
Figure 1: The Dynkin diagram of E11, the line of red nodes indicate the Dynkin
diagram of SL(11,R) associated with the eleven dimensional space-time.
an infinite set of tensor representations of SL(11,R). Any root β within
the root space of E11 may be written as a sum of simple, positive roots:
β =
∑11
i=1miαi and the decomposition into representations of SL(11,R)
may be understood as splitting the root β into a weight in the weight space
of SL(11,R), denoted Λ, and a part x orthogonal to the weights of SL(11,R),
i.e. β = Λ +m11x. The coefficient m11 is called the level and labels sets of
representations of SL(11,R) defined by a lowest (equivalent to the highest
weight labelling) weight Λ. For example at level m11 = 0, we find the roots
of SL(11,R), at level one (m11 = 1) we find an antisymmetric three-tensor
representation Ra1a2a3 , at level two we have an antisymmetric six-tensor
Ra1...a6 , at level three we find a mixed symmetry tensor Ra1...a8|b and so on.
The signature of space-time is derived from the quadratic form invariant
under SO(1, 10). The algebra of this group is invariant under the (temporal)
involution Ω which acts on the positive generators Ei of sl(11,R) as
Ω(Ei) = −i(Fi), (1)
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where Fi are the negative generators and i = ±1 where i ∈ {1, 2, . . . 10}.
The sub-algebra of sl(11,R) invariant under Ω is so(p, q) where p, q ∈ Z+0
such that p + q = 112, having generators Qi ≡ Ei − iFi (where there is
no summation over the repeated indices). The remainder of the algebra
(the anti-fixed set of generators under Ω) consists of Pi ≡ Ei + iFi and the
generators of the Cartan sub-algebra Hi. For example if 1 = 2 = . . . 10 = 1
then the sub-algebra fixed under Ω is spanned by the generatorsQi ≡ Ei−Fi,
or in other words so(11). Alternatively if 1 = −1, while 2 = . . . 10 = 1 the
fixed sub-algebra is so(1, 10). By appropriate choice of i the sub-algebra
so(t, 11− t) may be constructed. Extending the action of Ω to the generator
R9 10 11 associated with the exceptional node of the E11 Dynkin diagram (the
blue eleventh node shown in figure 1) as Ω(R9 10 11) = 11R9 10 11, one may
define K(E11) as the exponentiation of the sub-algebra invariant under the
involution Ω. The role of 11 is to control the sign in front of the kinetic term
for the three-form gauge field in the supergravity action [30]. In summary
Ω is defined by a choice of eleven numbers i and encodes the space-time
signature and the sign of the kinetic term in the action.
It was shown in [30] that the signature of space-time defined by the
choice of Ω is not invariant under the Weyl reflections of E11. This may be
understood as follows: the signature of space-time depends on the action
of Ω on the generators of sl(11,R) given by the gravity line (the red nodes
numbered from one to ten in figure 1), but under a Weyl reflection the gen-
erators associated with the gravity line may be mapped to another sl(11,R)
sub-algebra within E11 and vice-versa, so that the gravity line is formed
of a different set of sl(11,R) generators before and after a Weyl reflection.
Consequently the sub-algebra of the gravity line algebra which is invariant
under Ω may change under a Weyl reflection. For example, commencing
with a choice of Ω which leaves so(1, 10) fixed within the gravity line al-
gebra3 following an E11 Weyl reflection the gravity line sub-algebra fixed
by Ω may be one of so(1, 10), so(2, 9), so(5, 6), so(6, 5), so(9, 2) or so(10, 1)
[30]. This potential change of signature highlights the unnatural manner in
which E11 is associated with an eleven-dimensional space-time by an essen-
tially arbitrary choice of sl(11,R) sub-algebra. It would be more natural to
consider E11 as the symmetries of a theory on an infinite dimensional space-
2The values of p and q are determined from the involution parameters i or equivalently
the signature function f which will be defined later in this paper.
3To give the space-time signature relevant to supergravity in eleven dimensions.
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time with the background isometry group K(E11). A Weyl reflection in such
a setting would leave the isometry group unaltered and would map active
fields in one sector to another, preserving solutions. With the restriction to
an eleven dimensional space-time the effect of a Weyl reflection is to change
the signature of space-time while preserving solutions between theories.
While i for i = 1, . . . 10 define the signature of space-time, 11 is as-
sociated with the sign of the four-form kinetic term [30]. We will adopt
the following conventions for the gravity-matter action associated with low
levels of E11 and a choice of involution Ω,
S =
∫
R ? 1− (−1)(0+<f,γ>) 1
2
Fα11 ∧ ?Fα11 + . . . (2)
where 0 ≡ 1 if x1 is a temporal coordinate and 0 ≡ 0 if x1 is a spatial
coordinate and γ ≡ α2 +α4 +α6 +α8 +α10 +α11; the ellipsis denotes other
terms4 including the Chern-Simons term and generalisations of supergravity;
and f , known as the signature function and introduced in [30], is a function
on the weight space of E11 defined from the involution Ω by
k = e
ipi<αk,f> (3)
where upon writing f ≡∑ piλi, λi are the fundamental weights of E11, we
have k = e
ipipk and as k ∈ {0, 1} then pk ∈ {0 mod 2, 1 mod 2}. The
Weyl reflections in real roots β of E11 denoted Wβ and defined by
Wβ(α) = α− 2
< α, β >
< β, β >
β (4)
map the signature function from f to fˆ ≡ Wβ(f). This has the conse-
quence of not only changing the signature of space-time but also the sign
of the kinetic term in the action in equation (2). The involution Ω and
4We have focussed on the kinetic term relevant to the membrane oriented along
{x9, x10, x11}. The sign of the term is derived from the number of timelike coordinates
among the directions {x9, x10, x11}: if the number is odd the term should be negative, if
even the term should be positive. Supposing that x8 is spatial then the crucial number
< f, 3α8 + 2α9 + α10 >, which counts the number of time directions modulo two along
the brane worldvolume, may be simplified, modulo two, to < f, α8 + α10 >. A similar
construction can be used to account for x8 being either spatial or temporal, modulo two
we have −(−1)<f,α2+α4+α6+α8+α10>. Together with an additional minus sign given by
(−1)<f,α11>, we have −(−1)<f,γ> 1
2
F∧?F . Later in this paper we will consider Taub-NUT
solutions, in which case the kinetic term is −(−1)(0+<f,α2+α3+α5+α7+α9+α11)> 1
2
F ∧ ?F .
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hence the algebra of K(E11), or equivalently the signature function f , is the
first ingredient which must be specified before the brane σ-model may be
constructed.
2.2 The one-parameter brane σ-model
For G, a semisimple Lie group embedded in E11, σ-models constructed on
the symmetric space GK(G) have solutions which encode half-BPS brane so-
lutions [4] and bound states of these brane solutions [7, 5, 6]. We restrict
our attention in this paper to single brane solutions which correspond to
identifying G = SL(2,R) embedded in E11. The truncation of the alge-
bra E11 to sl(2,R) gives an associated truncation of the algebra of K(E11)
to K(SL(2,R)) which is defined using the involution Ω on E11. Taking
G = SL(2,R) whose single positive root β is a real root in the root lattice
of E11, K(G) is either SO(2) or SO(1, 1). Given a signature function f
then if < f, β >= 1 mod 2 then K(G) = SO(1, 1), while if < f, β >= 0
mod 2 then K(G) = SO(2) [30]. We will observe in the construction of the
σ-models how the sign choices of the kinetic term of the action in eleven
dimensions above are related to the signs appearing in the one-dimensional
action of the σ-models.
2.2.1 The Lagrangian density
The one-parameter σ-model has an action which is invariant under the sym-
metries of the coset GK(G) and is defined by
S =
∫
dξ L (5)
where ξ is a single coordinate on the coset manifold on which the Lagrangian
density L depends. The Lagrangian density is defined in terms of an inner
product by
L = η−1(Pµ|Pµ) (6)
where Pµ is derived by decomposing the Maurer-Cartan form ν ≡ dgg−1 for
g ∈ G as follows
νµ = (∂µg)g
−1 = Pµ +Qµ ∈ g, (7)
the inner product is the Cartan-Killing form, the generators denoted Qµ
are in the algebra of K(G), Pµ are the complementary generators in the Lie
10
algebra of G and the field η is included to guarantee the reparameterisation
invariance of the action S.
The Lagrangian density L is invariant under the symmetry transforma-
tions of the coset. Specifically the global transformation
g → gg0 (8)
where g0 is independent of coordinates on the coset manifold leaves the
Maurer-Cartan form unchanged:
νµ → ∂µ(gg0)(gg0)−1 = νµ. (9)
While the transformation under the local sub-group element k(xµ) ∈ K(G)
given by
g → kg (10)
leaves the Lagrangian density L unchanged as
νµ → ∂µ(kg)(kg)−1 = ∂µ(k)k−1 + kνµk−1 (11)
hence
Pµ → kPµk−1 and Qµ → kQµk−1 + ∂µ(k)k−1, (12)
which leaves L unchanged. We now construct the Lagrangians for G =
SL(2,R).
2.3 The SL(2,R)
SO(1,1)
brane σ-model.
Let g ∈ SL(2,R)SO(1,1) be the coset representative written, in the Borel gauge
(upper triangular gauge), in terms of H, the Cartan sub-algebra element of
the algebra sl(2,R) and E, the positive generator of sl(2,R), as follows:
g = exp(φH) exp(CE) (13)
where φ ≡ φ(τ, σ) and C ≡ C(τ, σ) and τ and σ are local coordinates
on the manifold chosen such that the local metric in these coordinates is
Minkowskian with τ being a timelike coordinate and σ spacelike.The single
coordinate ξ of the one-dimensional coset model action will be a function
of σ and τ singled out by the equations of motion. H and E are simply
represented by two-by-two matrices:
H =
(
1 0
0 −1
)
and E =
(
0 1
0 0
)
. (14)
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Hence
g =
(
eφ eφC
0 e−φ
)
(15)
and therefore
νµ = ∂µφH + ∂µC exp(2φ)E. (16)
The so(1, 1) sub-algebra is the part of sl(2,R) which is invariant under the
involution Ω defined by Ω(H) = −H and Ω(E) = F where F ≡ ET is the
negative (lower triangular) generator of sl(2, R). The sub-algebra of so(1, 1)
contains a single generator q = 12(E + F ), the remainder of the algebra of
sl(2, R) is spanned by H and p ≡ 12(E − F ). We have normalised q and p
so that E = q + p. We have
νµ = ∂µφH + ∂µC exp(2φ)(p+ q) ≡ Pµ +Qµ (17)
and
Pµ =
(
∂µφ
1
2e
(2φ)∂µC
−12e(2φ)∂µC −∂µφ
)
. (18)
This gives us the following Lagrangian density
L = η−1(2(∂φ)2 − 1
2
e4φ(∂C)2) (19)
whose equations of motion are
∂2φ+
1
2
(∂C)2e4φ = 0 , ∂µ(∂
µCe4φ) = 0 and (∂φ)2 − 1
4
e4φ(∂C)2 = 0.
(20)
These are the equations of motion for φ, C and η resepectively.
The final equation of motion above may be written as (Pµ|Pµ) = 0 and
hence the path of Pµ described on the group manifold will be a null geodesic
on the coset. The solution will therefore be described by a single parameter,
which we have chosen to be ξ. Let us see how the solution emerges.
As ∂µ(∂
µCe4φ) = 0, then (∂µC)e4φ = µν∂νA where A ≡ A(σ, τ). In
components this gives
(∂σC)e4φ = ∂τA and (∂
τC)e4φ = −∂σA. (21)
Substitution of these into the equation of motion for φ gives
∂2φ+
1
2
(∂A)2e−4φ = 0. (22)
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Solutions of these equations where the fields depend only on a single coor-
dinate ξ which parameterises null geodesics on the coset i.e. φ ≡ φ(ξ) and
C ≡ C(ξ) are found by integration. The solutions give φ = 12 ln(N) where
N = aξ + b is a harmonic function in one of the coset coordinates. Substi-
tuting this form of φ transforms the equations of motion into (where ∂ now
denotes ∂∂ξ )
−(∂N)
2
2N2
+
1
2
(∂C)2N2 = 0 and (∂C)N2 = A (23)
where A is a constant. Hence C = −N−1 + B solves both equations where
B is a constant and A = ∂N = a.
2.3.1 Example: The M2 branes
Let the algebra sl(2,R) used in the coset construction have the following
embedding in E11:
E = Eα11 ≡ R9 10 11, F = E−α11 ≡ R9 10 11 and (24)
H = H11 = −1
3
(K11 + . . .+K
8
8) +
2
3
(K99 +K
10
10 +K
11
11). (25)
A dictionary is used to construct the bosonic part of the brane solution in
supergravity. The dictionary is defined in a natural way: active components
of the four-form field strength written in flat space are related to the field C
in the coset construction by Fξ9 10 11 ≡ e2φ∂ξC (the index structure on the
field strength is inherited from the index structure of the E11 generator, i.e.
CE = C9 10 11R
9 10 11) and the diagonal components of the elfbein are related
to φ by eµ
m ≡ exp(−φhmm) where repeated indices are not summed over
and hm
m is defined by Hα11 =
∑
m hm
mKmm. The coset parameter ξ is
embedded in the space-time such that the four-form structure of Fξ9 10 11 is
respected, i.e. ξ may be chosen to be any of the eight coordinates x1, . . . x8.
There remains the choice of the time coordinate which may be on the brane
worldvolume or transverse to it.5
5This is independent of the action of the temporal involution on Eα, which is used to
define the coset: this is always given by Ω(Eα) = E−α for the coset
SL(2,R)
SO(1,1)
.
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2.3.2 The electric brane
For this example, without loss of generality, we will choose6 t = x9 and
ξ = x1. This gives the metric:
ds2 = N
1
3 (dΣ28) +N
− 2
3 (−dt2 + (dy1)2 + (dy2)2) (26)
where dΣ28 =
∑8
i=1(dx
i)2 and N = Ax1 + B. The non-trivial four-form
field strength components are F1ˆ 9 10 11 ≡ AN−1 and its antisymmetrisations.
Where we use a hat to differentiate between curved and flat space indices,
the hat denoting a curved space index. The field strength is embedded in
the curved space-time using the elfbein, so that
F1ˆ 9ˆ 1ˆ0 1ˆ1 = e9ˆ
9e1ˆ0
10e1ˆ1
11F1ˆ 9 10 11 = −∂1ˆN−1. (27)
For the resulting space-time to be asymptotically Minkowski space corre-
sponds to the limit limx1→0(gµν) = ηµν , i.e. that B = 1. Integrating
Fµ1µ2µ3µ4 over a spatial seven-sphere leads us to interpret A as the electric
charge due to the presence of a membrane, hence we will let A ≡ q herein.
The resultant solution differs from the supergravity membrane solution
[31] as the harmonic function N = 1 + qx1ˆ depends on one coordinate in
the transverse space. The supergravity membrane solution has an SO(8)
isometry in its transverse space, which is not respected by the dependence of
N on only x1ˆ. The choice of embedding ξ in space-time as x1ˆ was arbitrary,
any of the eight transverse xiˆ (i ∈ {1, 2, . . . 8}) would have been as effective.
To lift the one-parameter solution to eleven dimensions one has to ensure
that N respects the SO(8) symmetry, so that ξ = r where r2 = (x1ˆ)2 +
(x2ˆ)2 + . . .+ (x8ˆ)2 and N remains harmonic: ∂ iˆ∂iˆN = 0. This leads to N =
1+ q
r6
: in this manner the one-parameter M -theory solution is “unsmeared”
to an eleven dimensional solution.
2.3.3 The magnetic brane: a no-go condition
We might expect that one can choose a signature function such that t is
transverse to the brane. However such a choice is prohibited by ensuring
that Poincare´ duality is consistent for the theory [10]. A simple condition
found in [10] for a solution which respects the Poincare´ duality is that
i0(f) ≡< α1 + α3 + α5 + α7 + α11, f >= 1 mod 2. (28)
6This corresponds to picking the signature function to be f = −λ8 + λ9 + λ11 with
0 = 0.
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For any choice of signature function such that the space-time signature is
(1, 10), the kinetic term has the usual sign −F 2 in the action, the temporal
coordinate, t, is transverse to the brane world volume, i.e. t ∈ {x1, . . . x8},
it is easy to verify that (28) is not satisfied.
2.4 The SL(2,R)
SO(2)
brane σ-model
Let g ∈ SL(2,R)SO(2) be the coset representative written in the Borel gauge (upper
triangular gauge) as defined in equation (13). The procedure to construct
the σ-model Lagrangian density is the same as in the preceding section, the
only change is that the sub-algebra so(2) is generated by the algebra element
q′ = E−F while the remaining part of the algebra is spanned by the Cartan
element H and p′ = E +F (i.e. q′ = p and p′ = q compared to the previous
section). Computation of the Maurer-Cartan form allows Pµ to be read off
as
Pµ =
(
∂µφ
1
2e
(2φ)∂µC
1
2e
(2φ)∂µC ∂µφ
)
. (29)
This gives a change in sign of the kinetic term for C in the σ-model La-
grangian density. We now have
L = η−1(2(∂φ)2 + 1
2
e4φ(∂C)2) (30)
and the equations of motion are
∂2φ− 1
2
(∂C)2e4φ = 0, ∂(∂Ce4φ) = 0 and (∂φ)2+
1
2
e4φ(∂C)2 = 0. (31)
These equations are not solved by the ansatz φ = 12 ln(N) where C is a real
field. From the second equation, we have (∂C)e4φ = A, a constant, so the
last equation becomes
(∂φ)2 +
1
2
A2e−4φ = 0 (32)
which has no real solution.
3 The Two-Parameter Brane σ-model
We will set out the two-parameter brane σ-models and equations of motion
for the symmetric spaces SL(2,R)SO(1,1) and
SL(2,R)
SO(2) , before finding simple solutions
to the equations of motion. The embedding of the solutions in space-time
will be left for the following section.
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3.1 A two-parameter σ-model on SL(2,R)
SO(1,1)
In this section we will seek a solution on the symmetric space which depends
on two parameters and solves the equations of motion of the corresponding
σ-model. The generalisation of the one-dimensional σ-model action to a
two-dimensional space-time action is
S =
∫
dσdτ
√−h(Pα|Pβ)hαβ (33)
where hαβ is a metric on the coset
SL(2,R)
SO(1,1) , h is its determinant and lo-
cally a choice of coordinates on the coset allows hαβ = ηαβ (ηαβ being the
Minkowski metric). Using the parameterisation of the coset group element
g = exp(φH) exp(CE), where φ = φ(σ, τ) and C = C(σ, τ), the action
becomes
S =
∫
dσdτ
√−h(2∂αφ∂αφ− 1
2
e4φ∂αC∂
αC). (34)
The equations of motion are
∂α∂
αφ+
1
2
e4φ∂αC∂
αC = 0 (35)
∂α(e
4φ∂αC) = 0 (36)
−ηαβ(∂γφ∂γφ− 1
4
e4φ∂γC∂
γC) + 2∂αφ∂βφ− 1
2
e4φ∂αC∂βC = 0. (37)
where we have set hαβ = ηαβ. They differ from the equations in (20) with
the last equation (37).
Equations (35-37) admit simple solutions which depend on only one coset
coordinate which we list in cases (i)− (iv) below. In case (v) we exhibit the
solution for which both the fields φ and C depend on both coset coordinates.
3.1.1 Case (i): φ ≡ φ(σ), C ≡ C(σ)
The equations (35−37) reduce to those in equation (20) where the derivative
∂µ = ∂σ. As described earlier the solutions of this form, once embedded in
space-time and oxidised, include the 12 -BPS brane solutions.
3.1.2 Case (ii): φ ≡ φ(τ), C ≡ C(τ)
The equations (35−37) reduce to those in equation (20) where the derivative
∂µ = ∂τ . The equations are solved by
φ =
1
2
ln(N), C = −N−1 + a (38)
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where N = b + qτ ; a, b and q are constants. We will embed a solution of
this type into eleven dimensional space-time in the following section.
3.1.3 Case (iii): φ ≡ φ(τ), C ≡ C(σ)
The equations (35− 37) are solved by
φ = −1
2
ln(N), C = a+ qσ (39)
where N = b + qτ ; a, b and q are constants. This solution relies upon
the linearity of N and C in the coordinates σ and τ respectively and is a
solution only in two dimensions. To be convinced of this, consider embedding
(35 − 37) in R2,1 with xα ∈ {τ, σ1, σ2} and seeking solutions such that
C ≡ C(σ1, σ2) and φ ≡ φ(τ). Equation (36) implies that ∂i∂iC = 0 where
xi ∈ {σ1, σ2} while equation (35) implies that (∂iC)(∂iC) is a constant -
giving C = a+k·σ where k·σ = k1σ1+k2σ2 and k1, k2 are constants. Setting
φ = −12 ln(N) where N = b + |k|τ gives a solution to both equations (35)
and (36). However equation (37) constrains the solution to be intrinsically
two-dimensional, the α = 2, β = 3 equation reduces to ∂2C∂3C = k1k2 = 0,
requiring C to be a function of only one of the two spatial coordininates.
Furthermore if we set k2 = 0, the α = 3, β = 3 equation is only solved if
k1 = 0 too. This solution is intrinsic to its embedding in a two-dimensional
space-time and does not have a corresponding solution in eleven dimensions.
3.1.4 Case (iv): φ ≡ φ(σ), C ≡ C(τ)
The equations (35− 37) are solved by
φ = −1
2
ln(N), C = a+ qτ (40)
where N = 1 + bσ, a and q are constants and the form of N is fixed by
assuming the background space-time is Minkowski in the limit σ → 0. As
for case (iii) above this solution is intrinsic to a two-dimensional space-time
and does not have a corresponding solution in eleven dimensions.
3.1.5 Case (v): φ ≡ φ(σ, τ), C ≡ C(σ, τ)
Let ∂αA ≡ e4φ∂αC then equation (36) reduces to the wave equation in one
spatial dimension for A:
∂2σA− ∂2τA = 0 (41)
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and A = f(σ+τ)+g(σ−τ), where f and g are arbitrary functions. Rewriting
φ(σ, τ) ≡ 12 ln(u(σ+ τ) + v(σ− τ)) and substituting this and the expression
for A into equation (35) gives
f ′g′ = u′v′ (42)
where a prime denotes a derivative with respect to the argument. There are
three independent equations contained in equation (37):
−∂γφ∂γφ+ 1
4
e4φ∂γC∂
γC + 2∂σφ∂σφ− 1
2
e4φ∂σC∂σC = 0 (43)
∂γφ∂
γφ− 1
4
e4φ∂γC∂
γC + 2∂τφ∂τφ− 1
2
e4φ∂τC∂τC = 0 (44)
2∂σφ∂τφ− 1
2
e4φ∂σC∂τC = 0. (45)
Addition of equations (43) and (44) yields
2∂σφ∂σφ+ 2∂τφ∂τφ− 1
2
e4φ(∂σC∂σC + ∂τC∂τC) = 0 (46)
while their difference is trivial. Rewriting the equation above in terms of u,
v, f and g gives
(u′)2 + (v′)2 = (f ′)2 + (g′)2. (47)
Hence a simple solution is described by the two travelling wave functions
f(σ + τ) and g(σ − τ), i.e. by the fields
φ =
1
2
ln(f + g) and C = − 1
f + g
. (48)
3.2 No non-trivial two-parameter solutions to the brane σ-
model on SL(2,R)
SO(2)
Let
SE =
∫
dσ1dσ2
√
h(Pα|Pβ)hαβ (49)
where hαβ is a metric on the coset
SL(2,R)
SO(2) , and we will work in local coor-
dinates such that hαβ = δαβ. The action becomes
SE =
∫
dσ1dσ2
√
h(2∂αφ∂
αφ+
1
2
e4φ∂αC∂
αC). (50)
The equations of motion are
∂α∂
αφ− 1
2
e4φ∂αC∂
αC = 0 (51)
∂α(e
4φ∂αC) = 0 (52)
−δαβ(∂γφ∂γφ+ 1
4
e4φ∂γC∂
γC) + 2∂αφ∂βφ+
1
2
e4φ∂αC∂βC = 0 (53)
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where we have set hαβ = δαβ.
Let ∂αB ≡ e4φ∂αC then equation (52) reduces to the Laplace equation
in two dimensions for B(σ1, σ2):
∂2σ1B + ∂
2
σ2B = 0 (54)
and B = fˆ(σ1 + iσ2) + gˆ(σ1 − iσ2) is a real function. Rewriting φ(σ1, σ2) ≡
1
2 ln(uˆ(σ1 + iσ2) + vˆ(σ1 − iσ2)), such that φ remains a real function, and
substituting this and the expression for B into equation (51) gives
uˆ′vˆ′ = fˆ ′gˆ′ (55)
where a prime denotes a derivative with respect to the argument. There are
three independent equations contained in equation (53):
−∂γφ∂γφ− 1
4
e4φ∂γC∂
γC + 2∂σiφ∂σiφ+
1
2
e4φ∂σiC∂σiC = 0 for i ∈ {1, 2}
(56)
2∂σ1φ∂σ2φ+
1
2
e4φ∂σ1C∂σ2C = 0. (57)
Subtracting the i = 2 equation of (56) from the i = 1 equations yields
(uˆ′)2 + (vˆ′)2 = −((fˆ ′)2 + (gˆ′)2) (58)
while their sum is trivial. Hence we have
((e2φ)′)2 = (uˆ′ + vˆ′)2 = −(fˆ ′ + gˆ′)2 = −(B′)2 (59)
which has no real solutions for B(σ1, σ2) and φ(σ1, σ2).
There do exist some simple solutions to these equations which are of the
form φ ≡ φ(σ1), C ≡ C(σ2). The equations (51 - 53) are then solved by
φ = −1
2
ln(N), C = a+ qσ2 (60)
where N = b + qσ1; a, b and q are constants. However these solutions
are intrinsic to two dimensions and do not admit an embedding in higher
dimensions for reasons similar to those given earlier in section 3.1.3.
4 M-theory, M ∗-theory and M ′-theory Solutions
The solutions found in the preceding section are not simple to embed in
the eleven-dimensional space-time of M -theory. The local Lorentz group of
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M -theory is SO(1, 10); space-time consists of a single temporal coordinate
and ten spatial coordinates. The symmetric space SL(2,R)SO(1,1) is a non-compact,
pseudo-Riemannian manifold and any map from this manifold into a two-
dimensional sub-space of space-time, transverse to the world volume of the
space-time solution7 must preserve the SO(1, 1) isometries. This presents
some immediate problems in applying this method to the standard (elec-
tric) branes of M -theory. Consider the M2-brane: to construct the coset
SL(2,R)
SO(1,1) , the three-form generator Eα must transform under the involution
Ω(Eα) = Fα. Consistency under Poincare´ duality implies that the M2-
brane world-volume must have an odd number of temporal coordinates on
its world-volume and consistency with M -theory means there is only a single
temporal direction in space-time and that it lies on the worldvolume of the
brane. In short, the transverse space for standard (electric 12 -BPS branes)
M -theory solutions is a Riemannian manifold. How might one introduce
a pseudo-Riemannian transverse space? In the context of E11 there is the
possibility to consider the M∗ and M ′-theories [32] which have two and five
temporal coordinates respectively8. The solutions presented in the previous
section will be embedded into both M∗ and M ′- theories, for cases where the
transverse space admits a two-dimensional sub-space with SO(1, 1) isome-
try. Both M∗-theory and M ′-theory are consistent with an E11 symmetry of
M -theory; they correspond to particular Weyl reflections of M -theory solu-
tions. Consequently solutions in M∗ and M ′-theories that we construct will
be related by an E11 Weyl reflection to sectors of M -theory. In this section
we will first present the embedding in space-time of a set of particular so-
lutions to the two-parameter σ-model described earlier, before presenting a
method for embedding the most general solutions we have found in M∗ and
M ′-theories. Finally we will investigate the possibility of Weyl-reflecting M∗
and M ′ solutions to M -theory.
7In the simple cases this will be a p-brane, which splits the isometries of space-time
into the product SO(D − p − 1) × SO(1, p), where the SO(1, p) isometries act on the
worldvolume of the brane and the SO(D − p− 1) isometries act on the transverse space.
For more complicated solutions there worldvolume isometries will be further split, but the
notion of transverse space remains well-defined, and may be inferred from the root of E11
used to construct the coset as a truncation of E11.
8The exotic signatures (2, 9), (5, 6), (6, 5) and (9, 2) were first understood to be relevant
to M-theory in [33].
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4.1 Particular solutions
In section 3 we constructed solutions to the equations of motion of (34) and
(49). The special solutions to the σ-model on SL(2,R)SO(1,1) , discussed case-by-case
in section 3.1.2, will be investigated here.
4.1.1 Cosmological Collapsing Solutions in M∗-theory
The solution to the σ-model defined on SL(2,R)SO(1,1) in section 3.1.2 is given in
equation (38). The fields depend only on the temporal coordinate9: φ ≡ φ(τ)
and C ≡ C(τ). In this example we identify the global symmetry group
of the σ-model with the truncation of E11 to SL(2,R) given in (24) and
(25). Compared to the reconstruction of the M2-brane, via the supergravity
dictionary, described in section 2.3.2 we now expect two-parameter solutions
to have an SO(1, 1) isometry in a subspace transverse to the brane, i.e.
these solutions require there to be at least one temporal coordinate and one
spatial coordinate transverse to the brane. This example is a special case,
as the solution depends only on the temporal coordinate on the symmetric
space, hence we require the signature of space-time to have a time coordinate
transverse to the brane. In addition we require the signature function to
correspond to a temporal involution Ω which picks out K(G) = SO(1, 1)
when the E11 algebra is truncated to Eβ, Hβ and Fβ. The action of the
temporal involution and the signature function are related by
Ω(Eβ) = −βFβ where β = (−1)<β,f>. (61)
Hence Eβ−(−1)<β,f>Fβ ∈ so(1, 1) when < β, f >= 1 mod 2. Additionally
we require that i0(F ) = 1 mod 2, where i0 is defined in equation (28) to
guarantee Poincare´ duality [10] and furthermore that the signature function
f is in the E11 Weyl orbit of the M -theory signature function f = λ1. These
conditions constrain the roots β and signatures for which the solutions may
be embedded in space-time.
The M2-root: β = α11 in background signature (2, 9). There are three
classes of signature function which may be distinguished by the number of
temporal directions among the brane world-volume coordinates {x9, x10, x11}.
The signature functions which lie in the Weyl orbit of theM -theory signature
9Alternative approaches to constructing a vast range of cosmological solutions and
extremal S-branes from the one-parameter σ-model have been studied in [34].
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function f = λ1 and for which β = −1 requires the pair of temporal coor-
dinates to be either both longitudinal to the brane (e.g. f = λ8 +λ10 +λ11,
where x9 and x10 are temporal coordinates so that 0 = 0) or both transverse
to the brane (e.g. f = λ2 + λ11 where x
1 and x2 are timelike coordinates,
so that 0 = 1). As we require that the transverse space contain a temporal
coordinate we take our signature function from the second example. Let us
identify the coset model parameters with space-time coordinates according
to τ = x1, a temporal coordinate transverse to the brane. The φ and C
fields of the coset will be associated with the elfbein and the membrane
gauge field A91011 to give
e1ˆ
1 = e2ˆ
2 = . . . = e8ˆ
8 = e
1
6
ln(N) = N
1
6 , (62)
e9ˆ
9 = e1ˆ0
10 = e1ˆ1
11 = e−
1
3
ln(N) = N−
1
3 (63)
F1ˆ9ˆ1ˆ01ˆ1 = N
−2∂1ˆ(N) (64)
where N = b + qx1 and the hatted index denotes a space-time index (the
field strength components have been constructed from the dictionary Pα =
e2φ∂αC ≡ Fα91011). The space-time metric is
ds2 = N1/3(−(dx1)2−(dx2)2+. . .+(dx8)2)+N−2/3((dx9)2+(dx10)2+(dx11)2)
(65)
which is a solution to the equations of motion derived from the eleven-
dimensional action
SM∗ =
∫
R ? 1 +
1
2
F ∧ ?F (66)
with space-time signature (2, 9), obtained by substituting f = λ2 + λ11 and
0 = 1 (so that both x
1 and x2 are temporal coordinates) into the first terms
of equation (2). We observe that, as τ = x1 (one of the two time coordinates)
evolves, 1/N is suppressed, which, in terms of the metric, corresponds to the
shrinking of the three-dimensional brane world-volume, and the expansion
of an eight-dimensional space-time with symmetry SO(2, 6). While this
results in an emergent space-time far from the physical universe, the process
through which part of the eleven dimensional space-time collapses may be
interesting. Examples using other low-level roots of E11 follow a similar
path: a root associated with the M5 brane solution gives rise to a space-
time with an SO(2, 3) isometry, with a shrinking six-dimensional space as
the second time coordinate evolves. The construction associated with the
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dual elfbein at level 3 in the decomposition of E11 is more slightly more
involved and of interest:
The dual elfbein root in background signature (2, 9). The relevant
symmetric space is constructed by taking the root β = α4 + 2α5 + 3α6 +
4α7 + 5α8 + 3α9 + α10 + 3α11 as the single real positive root of the root
system of SL(2,R). The SL(2,R) generators are
H = −(K11 +K22 +K33) +K1111, (67)
E = R4567891011|11 and F = R4567891011|11. (68)
There are five classes of signature function to consider which may be dis-
tinguished by the number of temporal directions among the coordinates
{x1, x2, x3}, {x4, x5, . . . , x10} and {x11}. Of these only two classes of sig-
nature function lie in the Weyl orbit of the M -theory signature function
f = λ1 and satisfy β = (−1)<β,f> = −1. The first signature function re-
quires one of the temporal coordinates to be x11 and the other to be one of
the coordinates {x1, x2, x3} (e.g. f1 = λ1 + λ10 where x1 and x11 are tem-
poral coordinates if 0 = 1). The second possible class of signature function
contain both temporal coordinates in the set {x1, x2, x3} (e.g. f2 = λ2 +λ11
where x1 and x2 are timelike coordinates if 0 = 1). In this example the co-
ordinates {x1, x2, x3} form the “transverse” space so we may consider both
signature functions f1 and f2 defined above.
For the first signature function f1 = λ1 + λ10 (where x
1 and x11 are
temporal coordinates) we identify the coset model parameters with space-
time coordinates by τ = x1. The φ and C fields of the σ-model are associated
with the elfbein and the dual elfbein gauge field A4567891011|11 which is dual
to an off-diagonal component of the metric:
e1ˆ
1 = e2ˆ
2 = e3ˆ
3 = e
1
2
ln(N) = N
1
2 , (69)
e4ˆ
4 = e5ˆ
5 = . . . = e1ˆ0
10 = 1 (70)
e1ˆ1
11 = N−
1
2 (71)
e2ˆ
11 =
1
2
qx3N−
1
2 and e3ˆ
11 = −1
2
qx2N−
1
2 (72)
where N = b+ qx1. The space-time metric is
ds2 = NdΣ2(1,2) + dΩ
2
7 −N−1(dx11 −
1
2
qx3dx2 +
1
2
qx2dx3)2 (73)
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which is a solution of the vacuum Einstein equations derived from varying
the action given in equation (66) where x1 and x11 are temporal coordi-
nates10. The temporal coordinate x1 interpolates between R2,9 when x1 = 0
and R1,2×R7 when x1 →∞, where due to the evolution of the solution un-
der one temporal coordinate x1 we find that the second temporal coordinate
x11 is suppressed.
The solution above corresponds to a one-dimensional version11 of the
Taub-NUT solution in eleven dimensions with two time-coordinates. It can
be unsmeared to give one version of the Taub-NUT solution in a background
with two times (the second version, which is derived from the alternative
signature function, will be given below):
ds2 = N(dr2−r2dφ2 +r2 cosh2 φdθ2)−N−1(dx11−q sinhφdφ)2 +dΩ27 (74)
where N = 1+ qr and we have changed to (single-sheeted) hyperbolic coordi-
nates according to x1 = r sinhφ, x2 = r coshφ cos θ and x3 = r coshφ sin θ,
so that r2 = −(x1)2 + (x2)2 + (x3)2. To remove the conical singularity
apparent as φ→ 0 and r → 0, θ has period 4pi.
For the second signature function f2 = λ2 + λ11 (where x
1 and x2 are
temporal coordinates) we again identify the coset model parameter in the
solution with space-time coordinates by τ = x1. The non-zero elfbein com-
ponents are the same as those in equations (69-72), but due to the change
of signature the space-time metric is altered to
ds2 = NdΣ2(2,1) + dΩ
2
7 +N
−1(dx11 − 1
2
qx3dx2 +
1
2
qx2dx3)2 (75)
which is a solution of the vacuum Einstein equations in the (2, 9) signature
where x1 and x2 are the temporal coordinates. The temporal coordinate x1
interpolates between R(2,9) when x1 = 0 and R2,1 ×R7 when x1 →∞. This
one-dimensional solution of the vacuum equations can be unsmeared to give
a second type of Taub-NUT in a space-time with two temporal coordinates:
ds2 = N(dr2−r2dφ2−r2 sinh2 φdθ2)+N−1(dx11−q coshφdφ)2 +dΩ27 (76)
10The sign of the kinetic term for the dual elfbein field strength is positive, i.e. + 1
2
F∧?F
appears in the action. The interested reader is referred to footnote 4 to see how this sign
is determined from the signature function f .
11The harmonic function of the solution depends on only x1, rather than on x1, x2 and
x3.
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where N = 1 + qr and we have changed to (two-sheeted) hyperbolic coordi-
nates according to x1 = r sinhφ cos θ, x2 = r sinhφ sin θ and x3 = r coshφ,
so that r2 = −(x1)2 − (x2)2 + (x3)2. When r → ∞ the solution is asymp-
totically locally flat. To remove the conical singularity apparent as r → 0,
θ has period 4pi.
4.2 General solutions
In this section we will embed in space-time the two-parameter σ-model so-
lutions given in case (v) in section 3.1.5 in which both fields of the σ-model
depend on σ and τ . We will restrict our attention to the example of the
membrane in M∗-theory and in M ′-theory, although generalisations of the
pp-wave, the five-brane, the KK6-brane and other exotic E11 branes, as well
as bound states, may be constructed in this way. The principal new feature
of the solutions is that they are defined in terms of wavefunctions rather
than harmonic functions.
4.2.1 The M2∗ brane
Let the SL(2,R)SO(1,1) coset be defined by the E11 generators associated with the
supergravity membrane as given in equations (24) and (25). As described
earlier we will be interested in the signature function f = λ2 + λ11 (where
x1 and x2 are the two temporal coordinates and are transverse to the mem-
brane’s world-volume). For the embedding we identify the coset coordinates
(σ, τ) with space-time coordinates transverse to the brane world-volume e.g.
τ = x1, σ = x3. The non-zero elfbein components have the same form as
given in equations (62) and (63), but where now N = f(x1+x3)+g(x1−x3).
The non-zero field strength components are
F1ˆ9ˆ1ˆ01ˆ1 =
f ′ + g′
(f + g)2
(77)
F3ˆ9ˆ1ˆ01ˆ1 =
f ′ − g′
(f + g)2
. (78)
The full, unsmeared solution, which respects the SO(2, 6) isometry of the
transverse space is found by modifying the wavefunctions f and g to be
f(x · k+ω · t) and g(x · k−ω · t), where ω = (ω1, ω2)T , k = (k1, k2, . . . , k6)T ,
t = (x1, x2)T and x = (x3, x4, . . . , x8)T . The dispersion relation is ω2 = k2.
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The space-time metric is
ds2 =(f + g)1/3(−(dx1)2 − (dx2)2 + (dx3)2 . . .+ (dx8)2)+
(f + g)−2/3((dx9)2 + (dx10)2 + (dx11)2) (79)
and the non-zero components of the four-form are
Fµˆ9ˆ1ˆ01ˆ1 = ∂µˆ(
−1
f + g
) (80)
and its antisymmetrisations. The metric and field strength given in equa-
tions (79) and (80) solve the equations of the bosonic M∗-theory action
given in equation (66). The special case where f + g = 1 + q
r6
with
r2 = −(x1)2− (x2)2 + (x3)2 + . . .+ (x8)2 reproduces the analogue of the M2
brane in M∗-theory found in [32].
4.2.2 The M2′ brane
The embedding of the two-parameter σ-model solution in space-time that
gives the M2′ brane proceeds in the same manner as for the M2∗ brane
above. The main difference is the choice of signature function. There are
now four distinct classes of signature function, distinguished by the signature
on the membrane which may be (3, 0), (2, 1), (1, 2) or (0, 3). Subject to the
constraints that the signature function lies in the Weyl orbit of the M-theory
class of signature functions, that Poincare´ duality is satisfied i0(f) = 1
mod 2 and that K(G) = SO(1, 1) for α11 (i.e. that 11 = (−1)<f,α11> =
−1), only two of the classes of signature functions remain: those with an
odd number of time directions on the brane. The representative signature
functions from these classes that we will use are f ′1 = λ6 + λ11 (for which
{x7, x8, x9, x10, x11} are the five time-like coordinates) and f ′2 = λ4+λ9+λ11
(for which {x5, x6, x7, x8, x9} are the five time-like coordinates). In both
cases 0 = 0 and the form of the eleven-dimensional action determined from
(2) is that of bosonic M ′-theory:
SM ′ =
∫
R ? 1− 1
2
F ∧ ?F. (81)
Compared to the M2∗-brane considered above, there is a difference; here
both the signature functions permit a transverse space with an SO(1, 1)
isometry, so that we find two types of M2′-solution. In both cases the
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SL(2,R)
SO(1,1) coset is defined by the E11 generators associated with the supergrav-
ity membrane as given in equations (24) and (25).
Case (i) The M2′-brane with world-volume signature (3, 0).A rep-
resentative signature function is f ′1 = λ6 + λ11 and (σ, τ) are identified with
space-time coordinates by τ = x7, σ = x6, for example, before unsmearing
so that the solution carries the SO(2, 6) isometries. The non-zero elfbein
components have the same form as given in equations (62) and (63) and
the non-trivial field strength components take the same form as in (80), but
where now N = f(x · k + ω · t) + g(x · k − ω · t), where ω = (ω1, ω2)T ,
k = (k1, k2, . . . , k6)
T , t = (x7, x8)T and x = (x1, x2, . . . , x6)T . The disper-
sion relation is ω2 = k2 and the space-time metric is
ds2 =(f + g)1/3((dx1)2 + (dx2)2 + . . .+ (dx6)2 − (dx7)2 − (dx8)2)+
(f + g)−2/3(−(dx9)2 − (dx10)2 − (dx11)2). (82)
Case (ii) The M2′-brane with worldvolume signature (1, 2). A rep-
resentative signature function is f ′2 = λ4 + λ9 + λ11 and (σ, τ) are identified
with space-time coordinates by τ = x4, σ = x5, for example, before un-
smearing so that the solution carries the SO(4, 4) isometries. The non-zero
elfbein components have the same form as given in equations (62) and (63)
and the non-trivial field strength components take the same form as in (80),
but where now N = f(x·k+ω ·t)+g(x·k−ω ·t), where ω = (ω1, ω2, ω3, ω4)T ,
k = (k1, k2, k3, k4)
T , t = (x5, x6, x7, x8)T and x = (x1, x2, x3, x4)T . The dis-
persion relation is ω2 = k2 and the space-time metric is
ds2 =(f + g)1/3((dx1)2 + . . .+ (dx4)2 − (dx5)2 − . . .− (dx8)2)+
(f + g)−2/3(−(dx9)2 + (dx10)2 + (dx11)2). (83)
4.3 Mapping M∗ and M ′-theory solutions to M-theory.
In order to construct a two-parameter solution from a symmetric space it
was necessary to embed the solution in a multiple-time space-time, where
at least one temporal coordinate was transverse to the brane. In M -theory
electric-brane solutions are defined in terms of harmonic functions solving
the Laplace equation in the coordinates transverse to the brane, while, in
backgrounds with multiple time-coordinates, solutions are defined in terms
of wavefunctions (i.e. the Laplace equation is modified to a wave equation
when there are temporal transverse coordinates). Solutions of the σ-models
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that we have considered are preserved by Weyl reflections. Consider a Weyl
reflection, Sβ, a reflection in the plane perpendicular to a root β, it acts on
a group element g by g → Uβ g U−1β where Uβ = exp(Fβ) exp(−Eβ) exp(Fβ).
For truncations of E11 to finite matrix subgroups, this transformation of a
group element g is straightforward to compute. Note that the Weyl reflection
leaves the brane σ-model invariant as Sβ(νµ) = Sβ(∂µg g
−1) = UβνµU−1β and
hence (ν|ν) is invariant. Consequently, if a group element encodes a solution
of the brane σ-model, then so does its Weyl reflection.
The Weyl reflections of E11 do not preserve the signature of the back-
ground space-time, while the Weyl reflections do map solutions in M∗ and
M ′-theory to solutions in M -theory. Consequently the solutions found in
section 4.2, which are parameterised by arbitrary travelling wave functions
f(k · x+ ω · t) and g(k · x− ω · t), are mapped under the appropriate Weyl
reflections to a solution in M -theory. The action of the Weyl reflections is to
map one choice of an SL(2,R) sub-group in E11 to another but it does not
change the wavefunctions apparent in the M∗ and M ′-theory solutions. It is
natural to wonder where these solutions are mapped to in M -theory, since
the known brane solutions are not dressed with travelling wave functions.
Let us focus on our prototype solution of the M2∗ brane given in equa-
tions (79) and (80). The signature function was f = λ2 +λ11 and we observe
that the Weyl reflection Sβ129 where
β
129
= e1 + e2 + e9 = α1 + 2(α2 + . . .+ α9) + α10 + α11 (84)
maps f to
f ′ ≡ β
129
(f) = λ8 − λ9 + λ11 (85)
which corresponds to an M -theory background space-time where x9 is the
sole temporal coordinate. Hence we may apply this Weyl reflection to
the M2∗ solution given in equation (79) to map it into an M -theory so-
lution. However the M2 root, α11, is invariant under this Weyl reflection
as < α11, β129 >= 0. Consequently the Weyl reflection has a trivial action
on the group element encoding the M2∗ solution but it does change the
background signature of space-time. While we have observed that the back-
ground signature is modified by the Weyl reflection’s action on the signature
function, it will be useful to emphasise this in more detail. The isometries
of space-time are encoded in the level zero involution invariant sub-algebra
of K(E11) whose generators are Q
0
i ≡ Kii+1 − iKi+1i, where i are de-
fined in equation (1). When one of xi and xi+1 is temporal and the other
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is spatial exp (θQ0i ) is a (non-compact) boost parameterised by θ, while, if
both coordinates are temporal or both are spatial, the corresponding group
element is a (compact) rotation. Under a Weyl reflection the generators of
E11 may be interchanged and the properties of the Q
0
i generators may be
changed; specifically, in the local group, if a boost is mapped to a rotation or
vice-versa then there is a change in the signature of the space-time. Under
the Weyl reflection Sβ129 the Q
0
i are unchanged apart from:
Q02 = K
2
3 +K
3
2 → R139 +R139 (86)
Q08 = K
8
9 −K98 → R128 −R128 (87)
Q09 = K
9
10 −K109 → R1210 −R1210. (88)
The generators of boosts and rotations in space-time are mapped to elements
of K(E11) appearing at level one, and, while the space-time signature is
changed, the compact or non-compact nature of each algebraic element is
unchanged by the Weyl reflection. The level one local transformation Q1k
acts on the 55 coordinates yab at level one in the l1 representation of E11.
The extra coordinates have been interchanged with the usual space-time
coordinates as
x1 ←→ y29 (89)
x2 ←→ y19 (90)
x9 ←→ y12. (91)
The wavefunctions of the M2∗ solution depend on k · x + ω · t where t =
(x1, x2)T and x = (x3, x4, . . . x8)T ; under the reflection Sβ129 , t→ (y29, y19)T
and x → x. Note that, following the change in signature, both y29 and y19
are timelike coordinates. Hence the M2∗-brane is mapped to an M -theory
solution in an extension of supergravity which depends explicitly upon three
of the extra coordinates yµ1µ2 and defined by wavefunctions rather than
harmonic functions. The part of the metric in the usual eleven-dimensional
spacetime is:
ds2 =(f + g)1/3((dx1)2 + (dx2)2 + (dx3)2 . . .+ (dx8)2)+
(f + g)−2/3(−(dx9)2 + (dx10)2 + (dx11)2) (92)
where now f(x · k + ω · t) and g(x · k − ω · t), where ω = (ω1, ω2)T , k =
(k1, k2, . . . , k6)
T , t = (y29, y19)
T and x = (x3, x4, . . . , x8)T . The dispersion
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relation is ω2 = k2 and the non-trival components of the field strength are
FΣˆ9ˆ1ˆ01ˆ1 = ∂Σˆ(
−1
f + g
) (93)
where ∂Σˆ denotes derivatives with respect to the coordinates {y29, y19} and
{x3, x4, x5, x6, x7, x8}.
5 Conclusions
In this paper we have used the brane-σ-model on SL(2,R)SO(1,1) to construct so-
lutions dependent on two parameters, one of which is temporal and the
other spatial. The original, one-parameter brane σ-model derived brane so-
lutions of M -theory from the root system of E11: the brane solutions in
space-time had an alternative description as the null geodesic worldline of a
particle on the symmetric space. In the extension presented here, solutions
of M∗-theory and M ′-theory are derived from open string worldsheets on
the symmetric space. The extension of the model admits solutions described
in terms of two wavefunctions, one for left-moving waves and the other for
right-moving waves. These solutions can be embedded into space-time to
construct space-time solutions of M∗-theory and M ′-theory. A necessary
condition for these solutions is that the wavefunctions depend on both tem-
poral and spatial coordinates in the transverse space, and hence the map-
ping of these solutions into the M -theory sector of E11 (where the associated
membrane solution has a Euclidean transverse space) was investigated. By
following the action of a suitable Weyl reflection on the M2∗ brane we ar-
gued that the corresponding M -theory solution, instead of depending upon
only the usual space-time coordinates xµ, depends on both xµ and yµν co-
ordinates which arise in the l1 representation of E11. It is expected that
the solutions presented here in terms of wavefunctions are admitted within
M -theory once the extended coordinate system of E11 is used, for among the
yµν coordinates are ten which are timelike and can play the role of the extra
temporal coordinates in M∗ and M ′-theory. To test the conjecture that
M -theory solutions dependent upon extra coordinates are dual to the M∗
and M ′-theory solutions requires an extension of the supergravity action to
include spacetime constructed out of eleven xµ and fifty-five yµν coordinates.
Such a theory would be sufficient to unify the M , M∗ and M ′-theories into
a single theory carrying the low-level symmetries of E11K(E11) . The solutions
presented in this paper offer a guide for constructing the enlarged theory.
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The extension of supergravity to incorporate yµν leads to a sixty-six-
dimensional theory. The temporal and spatial interpretation of the yµν
coordinates are derived from the properties of the coordinates xµ, hence for
a background spacetime with an SO(1, 10) isometry on the xµ coordinates
the yµν background has an SO(10, 45) isometry. There are no rotations of
xµ coordinates into yµν coordinates, so the isometries of the background
space-time are SO(1, 10) × SO(10, 45). If we assume that the theory is
translation invariant in both xµ and yµν and carries the Lorentz symmetries
SO(1, 10) and SO(10, 45) in the two sets of coordinates then we may make
some initial observations about the structure of the theory. We adopt the
commutators suggested by the canonical embedding of the l1 representation
into the algebra of E12, namely,
[Pa,K
b
c] = δ
b
aPc, (94)
[Pa, R
bcd] = 3δ[ba Z
cd], (95)
[Kab, Z
cd] = 2δ
[c
b Z
|a|d] (96)
[Pa, Pb] = 0, [Z
ab, Zcd] = 0 and [Pa, Z
bc] = 0. (97)
Under translations and rotations on the coordinates (xµ, yµν) are mapped
to (x′µ, y′µν) according to
exp(aµPµ + uµ
ν(Q0)
µ
ν + bµνZ
µν + vµνρ(Q1)
µνρ) exp(xµPµ + yµνZ
µν)
= exp(x′µPµ + y′µνZ
µν) exp(u′µ
ν
(Q0)
µ
ν + v
′
µνρ(Q1)
µνρ) (98)
where (Q0)
µ
ν ≡ Kµν − Ω(Kµν) and (Q1)µνρ ≡ Rµνρ − Ω(Rµνρ) and Ω is
the temporal involution defined on E11. Hence, for infinitesimal transfor-
mations, we find the action must be invariant under
δxµ = aµ − uνµxν (99)
δyµν = bµν + 2uµ
κyκν − 3xκvκµν . (100)
The final term in δyµν is novel, the other terms arise from the SO(1, 10)
Lorentz transformations and translations. We note that this transformation
(associated with the SO(10, 45) Lorentz transformation) leads to a variation
of the Lagrangian density for kinetic terms, i.e. under δyµν = x
κvκµν the
Lagrangian density
L =
1
2
∂µφ∂
µφ+
1
2
∂µνφ∂
µνφ (101)
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has a non-vanishing variation
δL = vκµν∂
κνφ∂µφ (102)
upto total derivative terms. In two-dimensions, as on the coset manifolds
we have looked at in this paper, the shift parameter vκµν is zero as it is an
antisymmetric tensor. However when working on larger symmetric spaces,
such as SL(3)SO(2,1) which is used to reconstruct bound states of supergravity
branes [7, 5] and whose dimension is greater than three, corrections to the
σ-model Lagrangian will be needed to ensure invariance under tranlsations
in yµν . Generalising the σ-model construction so that it depends on more
than two parameters and may be used to construct solutions in M-theory
dependent on the extended coordinates in the l1 representation of E11 (x
µ,
yµν , zµνρστ and so on) is an interesting direction for future work.
Our work argues in favour of an extension to M-theory to a theory
which includes M*-theory and M’-theory as well and set in a space-time con-
structed from the coordinates derived from the l1 representation of E11. A
necessary consequence of our observations is that solutions in M-theory must
exist which depend non-trivially on the “exotic coordinates” yµν , zµνρστ and
so on. Recently there has been significant progress in constructing solutions
which depend on extra coordinates in the settings of double field theory
(DFT) and exceptional field theory (EFT), large parts of each construc-
tion may be understood as being derivable from the E11 framework for
M-theory. A large class of solutions to these theories have been investigated
in [35, 36, 37, 38, 39] where solutions have been constructed which depend
on an extra coordinate. The search for solutions to DFT and EFT benefits
from the ‘section condition’ which projects out extra coordinates dependent
upon the choice of duality frame. There remains some work to do to relate
the construction of solutions from a brane σ-model to the solutions found
from DFT and EFT. Firstly, while the idea of the duality frame can be
interpreted naturally as singling out the sub-algebra of E11 used to define
the symmetric space on which the σ-model is constructed, there has yet to
be any work done on investigating the brane σ-model when the coordinates
of the σ-model are identified with exotic coordinates. Secondly there is no
obvious requirement for the section-condition from the E11 point of view,
while in DFT and EFT it plays a crucial role in simplifying the dependence
of the theory on the extra coordinates to the point that solutions to the equa-
tions of motion may be constructed [35, 36, 37]. It seems crucial for future
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work that the section-condition is given an interpretation within the brane
σ-model setting. There remains a great deal of work to do in investigating
the role of exotic coordinates in physical theory, the prime challenge being
to construct and interpret a greater variety of brane solutions dependent on
the enlarged space-time.
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A The Borel Gauge and SL(2,R)SO(1,1)
In this appendix we describe the topology of the coset space SL(2,R)SO(1,1) and
illustrate the paths traversed by the one-parameter brane solutions with a
focus on how constrained these paths are by the use of the Borel gauge.
First consider a matrix M ∈ SL(2,R) given by
M ≡ exp(aH + b(E − F )) =
(
cosh(r) + ar sinh(r)
b
r sinh(r)
− br sinh(r) cosh(r)− ar sinh(r)
)
(103)
where r2 = a2 − b2. The elements of the coset SL(2,R)SO(1,1) are given by
g′ = M exp(c(E + F )).
Now writing x = br sinh(r), y =
a
r sinh(r) and z = cosh(r) then from
det(M) = 1 we have x2− y2 + z2 = 1 which is a single-sheeted hyperboloid.
Our aim is to illustrate the null geodesic which encodes the brane solution
on the representative hyperboloid for the coset. Recall that each brane
solution is given by a representative group element for the coset in the Borel
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(upper triangular) gauge, explicitly,
g = exp
(
1
2 ln(N) 0
0 −12 ln(N)
)
exp
(
0 1−N−1
0 0
)
=
√
N
(
1 1−N−1
0 N−1
)
where N = 1+qξ. In the above presentation of the group element one of the
constants of integration in the generic solution has been chosen such that
when ξ = 0 g = I, the identity element - which upon embedding the group
element into space-time corresponds to Minkowski space.
The matrix M above parameterises the hyperboloid x2−y2 +z2 = 1 and
compared with the brane solution group element g it is written in a different
gauge. The action of SO(1, 1) in the coset may allow M to be written in
the Borel gauge, this amounts to choosing c above such that g′ is an upper
triangular matrix,
g′ =
(
z + y x
−x z − y
)(
cosh(c) sinh(c)
sinh(c) cosh(c)
)
=
(
(z + y) cosh(c) + x sinh(c) (z + y) sinh(c) + x cosh(c)
(z − y) sinh(c)− x cosh(c) (z − y) cosh(c)− x sinh(c)
)
i.e. to put g′ in Borel gauge requires choosing c such that
(z − y) sinh(c)− x cosh(c) = 0
that is,
tanh(c) =
x
z − y .
Hence the coordinates x, y, z on the hyperboloid x2 − y2 + z2 = 1 are con-
strained such that xz−y ∈ (−1, 1) when the representative group element is in
the Borel gauge. For example, in the plane y = 0 the hyperboloid is given by
x2+z2 = 1 and the coordinates are constrained by the Borel gauge such that
−z < x < z. This gives two disconnected line elements, one of which includes
the identity element (the point x = 0, y = 0, z = 0). In general for non-zero
y = y0, the cross-section of the hyperboloid is the circle x
2 + z2 = 1 + y20
and the choice of Borel gauge constrains the x and z coordinates to satisfy
−(z− y0) < x < (z− y0). The Borel gauge constrains the group elements to
two disconnected set of points each topologically equivalent to R2, only one
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of which is connected to the identity element. As observed in [10], the use
of the Borel gauge means that the topology of SL(2,R)SO(1,1) is reduced to R
2. The
loss of information from closed cycles in cosets embedded in E11 motivates
considering the string coset model described in the present paper.
We now identify the path of the brane solution, parameterised by ξ, on
the hyperboloid x2− y2 + z2 = 1. To do this we first write g′ in Borel gauge
by subsituting cosh(c) = ±(z−y)√
2z(z−y)−1 and sinh(c) =
±x√
2z(z−y)−1
12 to obtain
g′ =
±1√
2z(z − y)− 1
(
1 2xz
0 2z(z − y)− 1
)
.
By comparing this matrix with that for the solution encoding group element
g we find
N−1 = 2z(z − y)− 1 and 2xz = 1−N−1.
Hence the solution is given by the intersection of
x− y = 1− z
2
z
and the hyperboloid x2 − y2 + z2 = 1. The intersection points satisfy
(z − 1)(z + 1)(2z2 − 2yz − 1) = 0
and only the solution where z = 1 for which x = y passes through the
identity element and this corresponds to the brane solution. We note that
the line of points on the hyperboloid such that 2z2−2yz−1 = 0 corresponds
to a constant gauge field (as z = 12x) but gives an infinite value to the
harmonic function N . We have illustrated the lines of intersection on the
hyperboloid in figure 2.
Returning to the brane solution, given by the line of points x = y in
the plane z = 1, we note that from N = 1 + qξ we may read off ξ(x, y, z)
as N−1 = 2z(z − y) − 1 = 1 − 2y, hence qξ = 2x1−2x . The map between
coordinates is ill-defined at x = 12 and as x → ±∞ then qξ → −1. The
range x ∈ [0, 12) corresponds to ξ ∈ [0,∞], with ξ = 0 being Minkowski
space. In summary the brane solution corresponds to the points (x, x, 1)
where x ∈ [0, 12), which lie on the hyperboloid x2− y2 + z2 = 1 representing
the coset SL(2,R)SO(1,1) .
12The signs may be fixed for given y and z coordinates by the positivity of cosh(c).
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Figure 2: The lines of intersection of x2 − y2 + z2 = 1 and x − y = 1−z2z :
x = y and z = −1 or z = 1, and 2z2 − 2yz = 1. The brane solution
corresponds to points on the line x = y in the plane z = 1, and the point
(0, 0, 1) corresponds to Minkowski space.
B The reduction of the 4−dimensional Einstein
action to an action in terms of the 3-metric
In 4-dimensional space-time the Einstein-Hilbert action can be written as∫
d4x
√−gL (gµν , ∂γgµν) (104)
where L is written as
L = R (105)
where R is the Ricci scalar (and we have excluded any cosmological constant
and constant of proportionality). Moreover
R = qµ
νλδRµ νλδ (106)
with qµ
νλδ = 12(δ
λ
µg
νδ − δδµgνλ). We note that
√−gL = 2∂γ
[√−gqα βγδΓαβδ]+ 2√−gqβγδα ΓαδκΓκβγ . (107)
We shall ignore the total derivative term in (107) and so the new form of
the the Einstein-Hilbert action (which does not contain any terms which
contain second derivatives in the metric) is
−
∫
d4x
√−gG (108)
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where
G = gµν
(
ΓαµβΓ
β
να − ΓαµνΓβαβ
)
. (109)
In order to rewrite G in terms of metrics on space-like foliations of space-
time it is convenient to work in Gaussian co-ordinates. Any space-like hy-
persurface S in this foliation will be intersected orthogonally by a family of
geodesics. The length along these geodesics will give the time. It is then
consistent to write the metric in terms of a 3-metric γij (1 6 i, j 6 3) as
follows: 
1 0 0 0
0 γ11 γ12 γ13
0 γ21 γ22 γ23
0 γ31 γ32 γ33
 .
In earlier work, considering the vicinity of a space-like singularity, the γij
were taken to be functions of time t. In this work we are allowing γij to be
functions of two parameters, time t and space x. In both cases G leads to a
similar structure in terms of γij . Explicitly, for the case of two parameters,
G = 1
4
(
(Tr
[
γ−1∂tγ
]
)2 + (Tr
[
γ−1∂xγ
]
)2 − Tr [γ−1∂tγ]2 − Tr [γ−1∂xγ]2)
(110)
which reduces to the one parameter result when γij is a function of t only.
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